ABSTRACT. We extend the definitions and main properties of graded extensions to the category of locally compact groupoids endowed with involutions. We introduce RealČech cohomology, which is an equivariant-like cohomology theory suitable for the context of groupoids with involutions. The Picard group of such a groupoid is discussed and is given a cohomological picture. Eventually, we generalize Crainic's result, about the differential cohomology of a proper Lie groupoid with coefficients in a given representation, to the topological case.
INTRODUCTION
A Real 1 object in a category C is a pair (A, f ) consisting of an object A ∈ Ob(C ) together with an element f ∈ Isom C (A, A), called the Real structure, such that f 2 = 1 A . For instance, an Atiyah
Real space (X , τ) [2] is nothing but a Real object in the category of locally compact spaces. We are particularly interested in the category G s [25] of locally compact Hausdorff groupoids with strict homomorphisms [15, 16] as morphisms; we shall refer to Real objects in G s as Real groupoids. For example, let WP n (a 1 ,...,a n )
be the weighted projective orbifold [1] associated to the pairwise coprime integers a 1 , . . . , a n ; then together with the coordinate-wise complex conjugation, WP n (a 1 ,...,a n ) is a Real groupoid.
A morphism of Real groupoids is a morphism in G s intertwining the Real structures. We may also speak of a Real strict homomorphism. Real groupoids form a category RG s in which morphisms are Real strict homomorphisms. Moreover, they are the objects of a 2-category RG(2) defined as follows. Let (G , ρ), (Γ, ̺) ∈ Ob(RG s ). A generalized homomorphism [7, 9, 16, 25 erties we deal with in this paper are however discussed in the category RG defined as RG(2) "up to 2-isomorphisms".
In [21] , aČech cohomology theory for topological groupoids is defined as theČech cohomology of simplicial topological spaces, and it is shown that the well-known isomorphism between S 1 -central extensions of a discrete groupoid G and the second cohomology group [19, 11] of G with coefficients in the sheaf of germs of S 1 -valued functions also holds in the general case; i.e., Ext(G , S . We define here an analogous theoryȞR * that fits well the context of Real groupoids. This theory was motivated by the classification of groupoid C * -dynamical systems endowed with involutions [17] . These can be thought of as a generalization of continuous-trace C * -algebras with involutions. Specifically, it is known [20] that given such a C * -algebra A, its spectrum X admits a Real structure τ, and its Dixmier-Douady invariant δ(A) ∈Ȟ . In fact, thinking of X as a Real groupoid, we will see that all 1 Note the capitalization, used to avoid confusion with a module over R or a real manifold. We try, to the extent possible, to make the present paper self-contained. We start by collecting, in Section 1, a number of notions and results about Real groupoids most of which are adapted from many sources in the literature [15, 19, 25] ; specifically, we define the group ExtR(G , S) of (equivalence classes of) Real graded S-central extensions over a Real groupoid G , by a given Real abelian group S. In Section 2, we introduce RealČech cohomology, following closely [21] . WhileȞR * behaves almost like a Z 2 -equivariant cohomology theory, we will see that it is actually not. Geometric interpretations of the cohomology groupsȞR 1 (G • , S) andȞR 2 (G • , S), for a Real Abelian group S, are given. Finally, we generalize a result by Crainic [4] (on the differential cohomology groups of a proper Lie groupoid) to topological proper (Real) groupoid.
REAL GROUPOIDS AND REAL GRADED EXTENSIONS
Recall [19, 16, 25] that a strict homomorphism between two groupoids G / / / / X and Γ / / / / Y is a functor ϕ : Γ −→ G given by a map Y −→ X on objects and a map Γ (1) −→ G (1) on arrows, both denoted again by ϕ, which preserve the groupoid structure maps, i.e. ϕ(s(γ)) = s(ϕ(γ)), ϕ(r (γ)) = r (ϕ(γ)), ϕ(1 y ) = 1 ϕ(y) and ϕ(γ 1 γ 2 ) = ϕ(γ 1 )ϕ(γ 2 ) (hence ϕ(γ
), for all (γ 1 , γ 2 ) ∈ Γ (2) and y ∈ Y . Unless otherwise specified, all our groupoids are topological groupoids which are supposed to be Hausdorff and locally compact. 
Example 1.2.
Any topological Real space (X , ρ) in the sense of Atiyah [2] can be viwed as a Real groupoid whose the unit space and the space of morphisms are identified with X ; i.e, the operations in this Real groupoid is defined by s(x) = r (x) = x, x · x = x, x −1 = x. Example 1.3. Any group with involution can be viewed as a Real groupoid with unit space identified with the unit element. Such a group will be called Real.
Lemma 1.4. Let G be an abelian group equipped with an involution τ : G −→ G ( i.e. a Real structure). Set
ℜ(τ) := {g ∈ G | τ(g ) = g } = R G, ℑ(τ) := {g ∈ G | τ(g ) = −g }.
Then
,
If τ is understood, we will write I G for ℑ(τ). We call ℜ(τ) and ℑ(τ) the Real part and the imaginary part of G, respectively.
Proof. For all g ∈ G, one has g +τ(g ) ∈ R G, and g −τ(g ) ∈ I G. Therefore, after tensoring G with Z[1/2], every g ∈ G admits a unique decomposition . Example 1.6. Let (X , ρ) be a topological Real space. Consider the fundamental groupoid π 1 (X ) over X whose arrows from x ∈ X to y ∈ X are homotopy classes of paths (relative to end-points) from x to y and the partial multiplication given by the concatenation of paths. The involution ρ induces a Real structure on the groupoid as follows: if [γ] ∈ π 1 (X ), we set ρ ([γ] ) the homotopy classes of the path ρ(γ) defined by ρ(γ)(t ) := ρ(γ(t )) for t ∈ [0, 1].
Two Real structures ρ and ρ ′ on G are said to be conjugate if there exists a strict homeomorphism
. In this case we say that the Real groupoids (G , ρ) and (G , ρ ′ ) are equivalent. 
Proof. This is obvious since φ(γ) = φ(γ) for all γ ∈ Γ. Remark 1.9. Note that the converse of the second statement of the above lemma is false in general. For instance, consider the Real group S 1 whose Real structure is given by the complex conjugation, and the Real group Z 2 (with the trivial Real structure). We have r S 1 = {±1} ∼ = Z 2 = r Z 2 .
The following is an example of groupoids with equivalent Real structures. Example 1.10. Recall ( [8, IV.3] ) that a Riemannian manifold X is called globally symmetric if each point x ∈ X is an isolated fixed point of an involutory isometry s x : X −→ X ; i.e. s x is a diffeomorphism verifying s 2 x = Id X and s x (x) = x. Moreover, for every two points x, y ∈ X , s x and s y are related through the formula s x • s y • s x = s s x (y) . Given such a space, each point x ∈ X defines a Real structure on X which leaves x fixed. However, let x and y be two different points in X and let z ∈ X be such that y = s z (x). Then, we get s z • s x • s z = s y which means that the diffeomorphism s z : X −→ X implements an equivalence s x ∼ s y . But since x and y are arbitrary, it turns out that all of the Real structures s x are equivalent. Thus, all of the Real spaces (X , s x ) are equivalent to each others. Now, recall [8, IV. Theorem 3.3] that if G denotes the identity component of I (X ), where the latter is the group of isometries on X , then the map σ x 0 : g −→ s x 0 g s x 0 is an involutory automorphism in G, for any arbitrary x 0 ∈ X . It follows that all of the points of X give rise to equivalent Real groups (G, σ x ).
From now on, by a Real structure on a groupoid, we will mean a representative of a conjugation class of Real structures. Moreover, we will sometimes putḡ := ρ(g ), and write G instead of (G , ρ) when ρ is understood.
Definition 1.11 (Real covers)
. Let (X , ρ) be a Real space. We say that an open cover U = {U i } i ∈I of X is Real if U is invariant with respect to the Real structure ρ; i.e. ρ(U i ) ∈ U , ∀i ∈ I . Alternatively, U is Real if I is equipped with an involution i −→ī such that Uī = ρ(U i ) for all i ∈ I . 
; (e) zs(z) = z for any z ∈ Z where we identify s(z) with its image in G by the inclusion X → G .
If such a Real action is given, we say that (Z , τ) is a (right) Real G -space. Given a right Real action of (G , ρ) on (Z , τ) with respect to s, let Ψ : Z × s,X ,r G −→ Z × Z be defined by the formula Ψ(z, g ) = (z, zg ). Then we say that the action is free if this map is one-to-one (or in other words if the equation zg = z implies g = s(z). The action is called proper if Ψ is proper. Notations 1.14. If we are given such a right (resp. left ) Real action of (G , ρ) on (Z , τ), and if there is no risk of confusion, we will write Z * G (resp. G * Z ) for Z × s,X ,r G (resp. for G × s,X ,r Z ).
Real (right) G -space (Z , τ) with respect to a map s : Z −→ X , together with a Real map π : Z −→ Y satisfying the relation π(zg ) = π(z) for any (z, g ) ∈ Z × s,X ,r G , and such that for any y ∈ Y , the induced map
on the fibres is G -antilinear in the sense that for (z, g ) ∈ Z y × s,X ,r G we have
as an element in Z ̺(y) . Such a bundle (Z , τ) is said to be principal if (i) π : Z −→ Y is locally split (means that it is surjective and admits local sections), and 
is a Gprincipal Real bundle over X . Indeed, the projection is the range map r : G (1) −→ X , the generalized source map is given by s and the action is just the partial multiplication on G . This bundle is denoted by U (G ) and is called the unit bundle of G (cf. [16] ). (2) . Pull-back. Let (3). Trivial bundles. From the previous two remarks, we see that if (Z , τ) is any Real space together with a Real map ϕ : Z −→ X , then we get a G -principal Real bundle ϕ * U (G ) over Z ; its total space being the space Z × ϕ,X ,r G . A Bundle of this form is called trivial while a G -principal Real bundle which is locally of this form is called locally trivial. (i) the actions commute, i.e. if (z, g ) ∈ Z × s,X ,r G and (γ, z) ∈ Γ × s,Y ,r Z we must have s(γz) = s(z), r(zg ) = r(z) so that γ(zg ) = (γz)g ; (ii) the maps s and r are Real in the sense that s(τ(z)) = ρ(s(z)) and r(τ(z)) = ̺(r(z)) for any z ∈ Z ; (iii) r : Z −→ Y is a locally trivial G -principal Real bundle. 
. Using the definition of a strict morphism, it is easy to check that these maps are well defined and make Z f into a generalized morphism from Γ to G . Furthermore, the map τ on Z f defined by τ(y, g ) := (̺(y), ρ(g )) is a Real involution and then Z f is a Real generalized morphism. Compositions of Real generalized morphisms are defined by the following proposition.
with the obvious Real involution, defines a Real generalized morphism from
Proof. Let us first describe the structure maps
) and s(z ′ , z") := s"(z"). These are well defined and since
) ∈ Z × s,X ,r G while the Real involution is the obvious one:
Now to show the local triviality of Z , notice that from (3) respectively. It turns out that by construction, Z is locally of the form
).
Remark 1.22.
It is easy to check that the composition of Real generalized homomorphisms is associative. For instance, if
/ / G are given Real generalized morphisms, we get two Real generalized morphisms 
and then there exists a unique element ϕ(x) ∈ G such that h = ϕ(x)g . To see that this defines a continuous map ϕ :
Now for γ ∈ Γ, take x = s(γ), then from the Γ-equivariance of Φ, we have
and
) by definition of ϕ and this gives the desired relation. The converse is easy to check by working backwards.
1.4. Morita equivalence. Let (Γ, ̺) and (G , ρ) be two Real groupoids. Suppose that f :
is an isomorphism in the category RG s . In this case, we say that (Γ, ̺) and (G , ρ) are strictly equivalent and we write (Γ, ̺) ∼ st r i ct (G , ρ) . Now, consider the induced Real generalized morphisms (Z f , τ f ) :
with the obvious Real structure also denoted by τ f . The map
is Z f as space; thus, (Z f , τ f ) is at the same time a Real generalized morphism from (Γ, ̺) to (G , ρ) and from (G , ρ) to (Γ, ̺). Furthermore, it is simple to check that Z f • Z , τ) is the identity map, the left Real G -action on (Z
, and the right Real Γ-action is given by
The discussion before Definition 1.24 shows that the Real generalized morphism induced by a Real strict morphism is actually a Morita equivalence. However, the converse is not true. Moreover, there is a functor
where RG s is the category whose objects are Real locally compact groupoids and whose morphisms are Real strict morphisms, given by
given by ρ (0) ( j , x) := (j , ρ(x)) and define a Real local homeomorphism given by the projection
endowed with the involution ρ (1) ( j 0 , g , j 1 ) := (j 0 , ρ(g ),j 1 ) has a structure of a Real locally compact groupoid whose unit space is j U j . The range and source maps are defined byr ( j 0 , g , j 1 ) := ( j 0 , r (g )) ands( j 0 , g , j 1 ) := ( j 1 , s(g )); two triples are composable if they are of the form ( j 0 , g , j 1 ) and ( j 1 , h, j 2 ), where (g , h) ∈ G (2) , and their product is given by (
It is a matter of simple verifications to check the following 
,X ,r G . Now, putting
, we obtain the desired sections.
For the remainder of this subsection we will need the following construction. Let (Z , τ) be a Real space and (Γ, ̺) a Real groupoid together with a continuous Real map ϕ : Z −→ Y . Then we define an induced groupoid ϕ * Γ over Z in which the arrows from z 1 to z 2 are the arrows
and the product is given by (z 1 , γ 1 , z 2 ).(z 2 , γ 2 , z 3 ) = (z 1 , γ 1 γ 2 , z 3 ) whenever γ 1 and γ 2 are composable, while the inverse is given by (z, γ, z 
This defines a Real groupoid over Z whose range and source maps are defined by the second and the third projection respectively, the product is given by
provided that γ, γ ′ ∈ Γ (2) and g , g ′ ∈ G (2) , and the inverse of (γ,
). Now, for a given triple (z 1 , γ, z 2 ) ∈ r * Γ, the relations r(z 1 ) = r (γ) and r(z 2 ) = s(γ) give r(γz 2 ) = r(z 1 ); then since
) which respects the Real structures. In the other hand, the map Φ :
well defined Real homomorphism that is injective and Real. Moreover, these two maps are, by construction, inverse to each other so that we have a Real homeomorphism r * Γ ∼ = Γ ⋉ Z * Z ⋊ G . Furthermore, since s : Z −→ X is a Real Γ-principal bundle, we can use the same arguments to show that
Conversely, if ϕ : Z −→ Y and ϕ ′ : Z −→ X are given continuous Real maps and f :
is a Real homeomorphism of groupoids, then the induced Real generalized homomorphism
is a Morita equivalence and Lemma 1.30 completes the proof.
The following example provides a characterization of groupoids Morita equivalent to a given Real space. / / / / Y , where Y [2] is the fibered-product Y × π,X ,π Y equipped with the obvious Real structure; the groupoid structure on Y [2] is: Then the Real groupoids Y [2] / / / / Y and X / / / / X are Morita equivalent. Indeed, we have π * X ∼ Mor i t a X , thanks to Lemma 1.30; but π * X clearly identifies with Y [2] as Real groupoids. 
Moreover, we have s * X ∼ = Z [2] as Real spaces. Therefore, the Real groupoids Γ / / / / Y and Z [2] / / / / Z as isomorphic. Proof. From Lemma 1.30, there is a Real Morita equivalence Zr : r * Γ −→ Γ and the Real homeomorphism r * Γ ∼ = Γ ⋉ Z * Z ⋊ G induces a Real strict homomorphism f : r * Γ −→ G given by the fourth projection, and hence a Real generalized homomorphism Z f : r * Γ −→ G . Furthermore, by using the construction of these generalized homomorphisms, it is easy to check that the composition Zr × Γ Z is r * Γ-G -equivariently homeomorphic to Z (under a Real homeomorphism); i.e, the diagram
Consider a Real open cover U = {U j } of Y together with a globally Real family of local sections To refine this point of view, given two Real groupoids (Γ, ̺) and (G , ρ), let Ω denote the collection of such pairs (U , f U ). We say that two pairs (U , f U ) and (
are the canonical morphisms; this clearly defines an equivalence relation. We denote by Ω (Γ, ̺), (G , ρ) the set of isomorphism classes of elements of Ω.
Suppose that
) be the inverse of Z ι G ′ . Next, we apply Proposition 1.33 to the Real
with
. It follows that there exists a category RG Ω whose objects are Real groupoids, and in which a morphism from (Γ, ̺) to (G , ρ) is a class 
where
) is a class of Real generalized morphisms, (U , f U ) is the class of pairs corresponding to (Z , τ).
Then F is a functor; furthermore, F is an isomorphism of categories.
On the other hand,
, and thus F is a functor. Now, it is not hard to see that we get an inverse functor for F by defining
where τ is defined in an obvious way. In this case we refer to the triple ( Γ, Γ, δ) as a Real graded S-twist, and it is sometimes symbolized by the "extension"
Example 1.39 (The trivial twist). Given Real groupoid Γ, we form the product groupoid Γ × S and we endow it with the Real structure (γ, λ) := (γ,λ) for. Let S act on Γ × S by multiplication with the second factor. Then T 0 := (Γ×S, 0) is a Real graded twist of Γ, where 0 : Z 2 −→ Z 2 is the zero map. This element is called the trivial Real graded S-twist over Γ. / / / / i U i , and the space Y × S together with the Real structure (y, λ) −→ (ȳ,λ) and the Real S-action given by the multiplication on the second factor. We write
consists of a family of principal Real S-bundles Γ i j ∼ = U i j × S subject to the multiplication
where c = {c i 0 i 1 i 2 } is a family of continuous maps c i 0 i 1 i 2 : U i 0 i 1 i 2 −→ S which is a 2-cocycle such that There is an obvious notion of strict morphism of Real graded S-twists. For instance, two Real graded S-twists ( Γ 1 , Γ, δ 1 ) and ( Γ 2 , Γ, δ 2 ) are isomorphic if there exists a Real S-equivariant isomorphism of groupoids f : Γ 1 −→ Γ 2 such that the diagram
commutes in the category RG s . In particular, we say that ( Γ, δ) is strictly trivial if it isomorphic to the trivial Real graded groupoid (Γ × S, 0). By TwR(Γ, S) we denote the set of strict isomorphism classes of
Real graded S-twists over Γ. The class of (
by the Baer sum of T 1 and T 2 defined as follows. Define the groupoid Γ 1⊗ Γ 2 as the quotient
where λ ∈ S, together with the obvious Real structure. The projection
whenever this does make sense and where
Then, under this sum, TwR(Γ, S) is an Abelian group whose zero element is given by the class of the trivial element
Proof. The tensor product defined above is commutative in TwR(Γ, S). Indeed, the groupoid
is a Real S-equivariant isomorphism of groupoids.
Now define the inverse of (
is Γ as a set but, together with the same Real structure, but the S-principal bundle structure is replaced by the conjugate one, i.e. λγ op = (λγ) op , and the product
Now it is easy to see that the map
whereγ ∈ Γ is any lift of γ ∈ Γ, is an isomorphism.
We have the following criteria of strict triviality; the proof is the same as in [25 
The inverse of ϕ is ϕ 
, and the Real left S-action on f * Γ being given by
Moreover, it is easily seen that if T 1 and T 2 are equivalent in extR(Γ, S), then so are f * T 1 and f * T 2 .
Thus, f induces a morphism of Abelian groups f * : extR(Γ, S) −→ extR(Γ ′ , S). We then have proved this Lemma 1.46. The correspondence
where Ab is the category of Abelian groups, is a contravariant functor. In particular, extR(G , S) is invariant under Real strict isomorphisms.
Real graded central extensions.
In this subsection we introduce Real graded central extensions of Real groupoids, by adapting [11, 12, 6, 23 ] to our context.
, be Real graded S-twists. Then a Real generalized homomorphism Z : Γ 1 −→ Γ 2 is said to be S-equivariant if there is a Real action of S on Z such that
for any (λ,γ 1 , z,γ 2 ) ∈ S× Γ 1 ×Z × Γ 2 such that these products make sense. We refer to Z : (
as a generalized morphism of Real graded S-twists. In particular, if Z is an isomorphism, the two Real graded S-twists are said to be Morita equivalent; in this case we write ( 
and The set ExtR(G , S) admits a natural structure of abelian group described in the following way. Assume that 
we obtain a Real graded S-central extension of G by setting
that we will call the tensor product of E 1 and E 2 . Thus, we define the sum
which is easily seen to be well defined in ExtR(G , S). The inverse E op of E is ( Γ op , Γ, δ, P ). Notice that extR(G , S) is naturally a subgroup of ExtR(G , S) by identifying a Real graded S-twist ( Γ, G , δ) with the Real graded S-central extension ( Γ, G , δ, G ). We summarize this in the next lemma.
Lemma 1.51. Under the sum defined above, ExtR(G , S) is an abelian group whose zero element is the class of the trivial Real graded
When the Real structure is trivial, then we recover the usual definition of graded central extensions (see [6] for instance) of G by the group Z 2 . 
in the sense of Mathai, Murray, and Stevenson [14] , together with an augmentation δ : Y [2] −→ Z 2 .
Functoriality of ExtR(·, S). The aim of this subsection is to show that ExtR(·, S) is functorial in the
category RG, and hence that the group ExtR(G , S) invariant under Morita equivalence. To do this, we will need the following
be a Real groupoid. Then, there is an isomorphism of abelian groups
Before giving the proof of this proposition, we have to describe the sum in the inductive limit lim − − → U extR(G [U ], S). Let U 1 and U 2 be two Real open covers of X , and let
) be the unique class corresponding to the Real Morita equivalence Z
. Then, the tensor product of T 1 and T 2 is
which defines a Real graded S-groupoids over the Real groupoid G [V ].
Proof of Proposition 1.54. For a Real graded S-central extension
be the isomorphism in RG Ω corresponding to the Morita equivalence P −1
: G −→ Γ. Setting
we get a Real graded S-groupoid over G [V ]. It is not hard to check that this provides us the desired isomorphism of abelian groups; the inverse is given by the formula
for a Real graded S-twist
From this proposition, it is now possible to define the pull-back of a Real graded S-central extension via a Real generalized morphism. More precisely, we have Definition and Proposition 1.55. Let G and G ′ be Real groupoids, and let Z : G ′ −→ G be a Real generalized morphism. Let E = ( Γ, Γ, δ, P ) is be a representative in ExtR(G , S), and
is a Real graded S-central extension of the Real groupoid G ′ ; it is called the pull-back of E along Z Now the following is straightforward.
Corollary 1.56. There is a contravariant functor
ExtR(·, S) : RG −→ Ab,(20)
which sends a Real groupoid G to the abelian group ExtR(G , S). In particular, ExtR(G , S) is invariant
under Morita equivalences.
REALČECH COHOMOLOGY
2.1. Real simplicial spaces. We start by recalling some preliminary notions. For each zero integer n ∈ N, we set [n] = {0, ..., n}. Recall [21] that the simplicial (resp. pre-simplicial) category ∆ (resp. ∆ ) to the category RTop whose objects are topological Real spaces and morphisms are continuous Real maps. A morphism of Real simplicial (resp. presimplicial,...) spaces is a morphism of such functors.
More concretely, a Real (pre-)simplicial space is given by a family (X • , ρ • ) = (X n , ρ n ) n∈N of topological Real spaces, and for every map f : [m] −→ [n] we are given a continuous Real map (called face or degeneracy map depending which of m and n is larger)f : (X n , ρ n ) −→ (X m , ρ m ) , satisfying the relation f • g =g •f whenever f and g are composable.
be the unique increasing injective map that avoids i , and let η n i
: [n +1] −→ [n] be the unique nondecreasing surjective map such that i is reached twice; that is,
We will omit the superscript n if there is no ambiguity. If (X • , ρ • ) is a Real simplicial space, the face and degeneracy maps
clearly satisfy the following simplicial identities:
Conversely, let (X n , ρ n ) n∈N be a sequence of topological Real spaces together with maps satisfying ( 22) . Then thanks to [13, Theorem 5.2] , there is a unique Real simplicial structure on (X • , ρ • ) such thatε i andη i are the face and degeneracy maps respectively.
Example 2.3. (compare [24, §2.3]). Consider the pair groupoid [n] × [n]
/ / / / [n] ; that is, the prod-
is a topological Real groupoid, we define
as the space of strict morphisms from the groupoid
, we can suppose that i ≤ j (otherwise, we take its inverse ( j , i )), and
hence, the well defined Real map
is the obvious Real structure on the fibred product G (n) . Therefore, using this identification, the face mapsε
.., g n−1 ), (23) and for n = 1, byε 1 0 (g ) = s(g ),ε 1 1 (g ) = r (g ); while the degeneracy mapsη Now for n ∈ N, we define the space (E G ) n of (n + 1)-tuples of elements of G that map to the same unit; i.e. (E G ) n := {(γ 0 , ..., γ n ) ∈ G n+1 | r (γ 0 ) = r (γ 1 ) = ... = r (γ n )}. Suppose we are given (g 1 , ..., g n ) ∈
G n . Then we can choose an (n + 1)-tuple (γ 0 , ..., γ n ) ∈ (E G ) n such that g i = γ
, for all i = 1, ..., n, and that means that there exists a unique g ∈ G , such that s(g ) = r (γ i ) and γ
. This hence gives us a well defined injective map
where (γ 0 , ..., γ n ) ∼ (g · γ 0 , ..., g · γ n ). Moreover, this map is surjective, for if (γ 0 , ..., γ n ) ∈ (E G ) n , one can consider morphisms g i from s(γ i ) to s(γ i −1 ), i = 1, ..., n, so that we have
and then g 1 ), g 1 , g 1 g 2 , . .., (g 1 , . .., g n ) ∈ G n . It hence turns out that we can identify G n with the quotient (E G ) n . Note that the quotient space (E G ) n / ∼ naturally inherits the Real structure ρ n+1 and that the isomorphism defined above is compatible with the Real structures.
Henceforth, an element of G n will be represented by a vector
For instance, if f in injective, then
and thusf
However, the second picture offers a more general formula for the face and degeneracy maps; roughly ( 25) gives :
2.2. Real sheaves on Real simplicial spaces. In this subsection we closely follow [21, §3] to study Real sheaves on Real (pre-)simplicial spaces. We start by introducing some preliminary notions.
Let C be a topological category. We define the category C R by setting: to each open subset U ⊂ X a triple (F(U ), σ U , F(ρ(U ))), where F(U ), F(ρ(U )) are objects of C , and σ U ∈ Isom C (F(U ), F(ρ(U ))), and for V ⊂ U we are given two morphisms ϕ V,U : F(U ) −→ F(V ) and ϕ ρ(V ),ρ(U ) : F(ρ(U )) −→ F(ρ(V )), called the restriction morphisms, such that:
such that, for all pairs of open sets U , V with V ⊂ U , the diagrams below commute: Notice that if (F, σ) is a Real sheaf (resp. presheaf) on (X , ρ), then F is a sheaf (resp. presheaf) on X in the usual sense. Recall that the stalk of F at a point x ∈ X , denoted by F x , is the direct limit of the direct system (F(U ), ϕ V,U ) where U runs along the family of open neighborhoods of x; i.e.
The image of a section s ∈ F(U ) in F x by the canonical morphism F(U ) −→ F x (where x ∈ U ) is called the germ of s at x and denoted by s x .
Note that if U is an open neighborhood of x, ρ(U ) is an open neighborhood of ρ(x)
, and the iso-
, whose inverse is σ ρ(x) . We thus have a well defined 2-periodic isomorphism, also denoted by σ, on the topological 2 space F := x∈X F x , given by
which gives a Real space (F , σ). Example 2.6. Let (X , ρ) be a Real space. Then the space C(X ) of continuous complex values functions on X defines a Real sheaf of abelian groups on (X , ρ) by (U , ρ(U )) −→ (C(U ),ρ U , C(ρ(U ))), wherẽ (i) The pushforward of (G, ς) by f , denoted by ( f * G, f * ς), is the Real sheaf on (X , ̺) defined by the contravariant functor:
, and
(ii) The pullback of (F, σ) along f , denoted by ( f * F, f * σ), is the Real sheaf on (Y , ̺) associated to the Real presheaf defined by:
where f * F(V ) := lim
It immediately follows from this definition that we have a covariant functor
and a contravariant functor
where RSh is the category whose objects are the categories of Real sheaves on given Real spaces and morphisms are functors of such categories. We will also need the following proposition. 
) is a Real sheaf on (X n , ρ n ) for all n, and such that for each morphism f :
whenever f and g are composable.
One can use the definition of the push-forward to give a concrete interpretation of this definition. Roughly speaking, a sequence (F 
Example 2.12. Any Real sheaf (F, σ) on (X , ρ) can be viewed as an étale Real space over (X , ρ). Indeed, considering the underlying topological Real space (F , σ), it is easy to check that the canonical projection
is an étale Real map.
Definition 2.13. Let (G , ρ) be a topological Real groupoid. A Real G -sheaf (or an étale Real G -space) is an étale Real space (E 0 , ν 0 ) over (X , ρ) equipped with a continuous Real G -action. We say that (E 0 , ν 0 ) is an Abelian Real G -sheaf if in addition it is an Abelian Real sheaf on (X , ρ) such that the action α g : (E 0 ) s(g ) −→ (E 0 ) r (g ) is a group homomorphism, for any g ∈ G .
A morphism of Real G -sheaves (E 0 , ν 0 ) and (
The category of Real G -sheaves is denoted by B ρ G , and is called the classifying topos of (G , ρ).
Examples 2.14.
(1) Considering a Real space (X , ρ) as a Real groupoid, a Real X -sheaf is the same thing as a Real sheaf over (X , ρ); in other words we have that B ρ X ∼ = Sh ρ (X ).
(2) If (G , ρ) is a Real group, then a Real G -sheaf is just a Real space equipped with a continuous Real G -action.
Lemma 2.15. Any generalized Real morphism (Z , τ) : (Γ, ̺) −→ (G , ρ) induces a morphism of toposes
Z * : B ρ (G ) −→ B ̺ (Γ).
Consequently, there is a contravariant functor
where RBG is the category whose objects are classifying toposes of Real groupoids.
Proof. As noted in [15, 2.2] for the usual case, any Real morphism f : (Γ, ̺) −→ (G , ρ) gives rise to a functor f *
: 
(y, e) := y, and the right Real Γ-action is γ·(s(γ), e) := (r (γ), f (γ)· e) when p(e) = s( f (γ)). If
and the Real structure Z * ν 0 is the obvious one.
Lemma 2.16. Let (G , ρ) be a topological Real groupoid. Then, any Real G -sheaf canonically defines a Real sheaf over the Real simplicial space
To prove this Lemma, we need some more preliminary notions. 
Definition 2.17. ( [21]). A morphism π
In this case, we say that (E • , ν • ) is a reduced Real simplicial space over (X • , ρ • ).
Morphisms of reduced Real simplicial spaces over (X • , ρ • ) are defined in the obvious way. 
Definition 2.18. ( [21]). We say that a Real sheaf (F
is an isomorphism, so that we have a commutative diagram (V ), the section
In this way we get a well defined map
Moreover, it is easy to check that this map is an isomorphism; the inverse is the map
(V )) that has the same class as s n at the point x when restricted to F n (U ) through the restriction map
is a reduced étale morphism of Real simplicial spaces, we let F n (U ) be the space C (U , E n ) of continuous sections over U (where U is an open subset of X n ) of the projection π n : (E n , ν n ) −→ (X n , ρ n ). Next we define σ 
Using the same construction as in the second part of this proof, we deduce the following Put for all n ≥ 0,
and define ν n := ρ n × τ. We thus obtain a Real simplicial space (E n , ν n ): the simplicial structure is given by
for f ∈ Hom ∆ ([m], [n]). Furthermore, it is straightforward to see that the projections π n : E n −→ G n are compatible with the Real structures ν n and ρ n , and that they define a morphism of Real simplicial
, then the assignment
f (m) γ n · z) obviously defines a Real homeomorphism E n ∼ = G n ×f ,Gm ,πm E m which shows that (E • , ν • ) is a reduced Real simplicial space over (G n , ρ n ). It follows from Lemma 2.20 that (E • , ν • ) determines an object of
Remark 2.21. Notice that in the proof above we did not use the fact that (Z , τ) is étale. In fact, the Real G -action suffices for (Z , τ) to give rise to a Real sheaf over (G • , ρ • ). However, the property of being étale will be necessary to show that the Real sheaf obtained is reduced (as it is mentioned in the following corollary). 
Corollary 2.22. Let (G , ρ) be a topological Real groupoid. Then there is a functor
is an abelian group for all x ∈ X ; • for all x ∈ X , the map (
• as a Real space, (M , 
where the Real simplicial structure is given by:
) is defined as the sheaf of germs of continuous sections of the projections 
) n∈N is a Real pre-simplicial set such that for all
. In the same way, one defines the notions of simplicial Real cover and N -simplicial Real cover.
We will use the same construction as in [21 Proof. For each n ∈ N, let P n = n k=0
). Let P = n P n , and let Λ n (or Λ n (J • ) if there is a risk of confusion) be the set of maps
It is immediate to see that Λ n is non-empty; indeed, for each k ∈ N, we fix a map
Moreover, Λ n has a Real structure defines as follows: if ϕ ∈ P k n , then we set
Now, for all λ ∈ Λ n , we let
we define a mapf :
In the same way, for N ∈ N and n ≤ N , we denote by Λ 
We endow the collection of Real open covers of (X • , ρ • ) with the partial pre-order given by the following definition. ) i ∈I n . We say that V • is finer than U • if for each n ∈ N, there exists a Real map
for every i ∈ I n . The Real map θ • = (θ n ) n∈N is required to be pre-simplicial (resp. N -simplicial) if U • and V • are pre-simplicial (resp. N -simplicial).
2.6. "Real"Čech cohomology. Definition 2.28 (Real local sections). Let (F, σ) be an abelian Real (pre-)sheaf over (X , ρ) and let U = (U j ) j ∈J be a Real open cover of (X , ρ). We say that a family s j ∈ F(U j ) is a globally Real family of local sections of (F, σ) over U if for every j ∈ J , sj is the image of s j in F(Uj ) by σ U j .
We define C R ss (U , F) ρ,σ to be the set of all globally Real families of local sections of (F, σ) relative
To avoid irksome notations, we will write C R ss (U , F) or C R ss (U , F) σ instead of C R ss (U , F) ρ,σ . It is clear that C R ss (U , F) is an abelian group. Now let (X • , ρ • ) be a Real simplicial space, and let U • be a pre-simplicial Real open cover of (
Definition 2.29. We define the complex C R *
A Real n-cochain of (X • , ρ • ) relative to a pre-ssimplicial Real open cover U • with coefficients in (F
Let us consider again the maps ε k : [n] −→ [n + 1] defined by (21) , for k = 0, ..., n + 1. We have Real
for every j ∈ J n+1 , we have a restriction map
. 
Lemma 2.32. The differential maps d are group homomorphisms that satisfy d
Then, for j ∈ J n+1 one has
We thus can give the following 
Example 2.34. (Compare with [21, Example 4.3])
. Let (X • , ρ • ) be the constant Real simplicial space associated with a topological Real space (X , ρ); that is (X n , ρ n ) = (X , ρ) for every n ≥ 0. Suppose U =: ) j ∈J n . Of course U n is a Real open cover of (X n , ρ n ), and for A Real 1-coboundary is then a family (
for every x ∈ U j 0 j 1 , and such that there exists a globally Real family (s j ) j ∈J of sections s j ∈ Γ(U j , F ) such that c j 0 j 1 = s j 1 − s j 0 over all non-empty intersection U j 0 j 1 . 
and we define the Real cohomology groups of U • with coefficients in (F
We head now toward the definition of the RealČech cohomology; roughly speaking, given an Abelian 
Proof. In virtue of Lemma 2.26, one can assume that U • and V • are pre-simplicial, and so that θ • is a pre-simplicial Real map. Define θ *
). A straightforward calculation shows that this well defines an element in C R n (V • , F b ul l e t ). Moreover, it is clear that θ * n is a group homomorphism for any n.
As noted in [21] , the map H R * 
) be two families of group homomorphisms commuting with d . We say that (φ n ) n∈N and (ψ n ) n∈N are equivalent (resp. N -equivalent, for a given N ∈ N such that the N -keleton of V • admits an N -simplicial Real structure) if for all n ∈ N (resp. for all
Observe that such N -equivalent families φ • and ψ • induces group homomorphisms
also denoted by φ n and ψ n respectively, and given by
in other words, φ n and ψ n define the same homomorphism from H R
is an equivalence relation. We also denote by φ • for the (N -)class of φ • . 
Definition 2.38. Denote by N the collection of all Real open covers of (X
We refer to [21, Lemma 4.5]) for the proof of the following 
We deduce from the example above that " h " is a pre-order in the collection N. Suppose that
Then it is easy to check that the maps θ *
• and
For n ∈ N, we denote by N(n) the collection of all elements U • ∈ N such that U • N U • for some N ≥ n + 1; i.e., U • ∈ N(n) if there is N ≥ n + 1 such that the N -skeleton of U • admits an N -simplicial Real structure. It is obvious that " h " is also a preorder in N(n). Furthermore, Lemma 2.39, states that if
. It follows that for all n ∈ N, the collection
is a directed system of groups; this allows us to give the following definition.
Definition 2.41. We define the n t hČ ech cohomology group of (X • , ρ • ) with coefficients in (F
Lemma 2.42. For every U • ∈ N, pre-simplicial or not, there is a canonical group homomorphism
for all n ∈ N.
Proof. For every U • ∈ N (simplicial or not), and for every n ∈ N, we define the map
by composing the canonical homomorphism
with the canonical projection
) is a morphism of Abelian Real (pre)sheaves, and that U • is a Real open cover of (X • , ρ • ). Consider the pre-simplicial Real open cover ♮ U • associated to U • . Then for any n ∈ N, and any λ ∈ Λ n , there is a morphism of Abelian groups
. This gives a group homomorphism
Moreover, for any λ ∈ Λ n+1 and any k ∈ [n + 1], one has a commutative diagram
that shows that φ gives rise to a homomorphism of Abelian groups
and therefore a group homomorphism φ * :ȞR 
is an exact sequence of Real (pre-)sheaves over (X • , ρ • ), then there is a long exact sequence of Abelian groups
The proof of this proposition is almost the same as in [21, §4] .
2.7.
Comparison with usual groupoid cohomologies. In this subsection we compare our cohomology with the usual cohomology theory in some special cases, especially with that developed in [21] . 
In particular, if S has no non-trivial fixed point, we haveȞR *
Notice that this result generalizes easily to the Real cohomology with coefficients in a Real sheaf induced from a Real G -module.
Since ρ = Id, we may take the involution on J • to be trivial. For every 
Proof. One identifies Λ 0 with J 0 . Note that P 1 = {ε 1 0 , ε 1 1 , Id [1] }, and that for any λ = (λ 0 , 
where ϕ 00 = ε
and of course we get a similar identities for (d c)λ 0λ1λ2λ01λ02λ12λ012 on U Proof. The operations in Hom RG (G , S) are defined as follows.
Real generalized homomorphisms, their sum is
where (z, z
, z ′ · t ) for all t ∈ S, together with the obvious Real structure τ × τ
′
. The inverse of (Z , τ) is (Z ) ( j 0 ,..., j n )∈J n , where
Then, for all g ∈ U
, r(g · s j 1 (s(g ))) = r (g ) = r(s j 0 (r (g ))); hence, there exists a unique element
We then obtain a family of continuous func-
Furthermore, notice that U
. Then
hence c j 0 j 2 (g 1 g 2 ) = c j 0 j 1 (g 1 ) · c j 1 j 2 (g 2 ). In other words,
. Moreover, we clearly have cj 0j1 (ρ(g )) = c j 0 j 1 (g ) ∈ S. This gives us a Real 1-cocycle
) is an isomorphism of Real generalized morphisms (see chapter 2). Up to a refinement, we can choose U 0 in such a way that we have two Real families (s j ) j ∈J 0 , (s , one has
But, since f is G -S-equivariant, we get
thus c
for all ( j 0 , j 1 ) ∈ J 1 .
This shows that c
. We then deduce a well defined group homomorphism
where U • is the Real open cover defined from any Real local trivialization of (Z , τ). [3, chap.2] ). In the Real case, we shall introduce the Real Picard group PicR(G ) of a Real groupoid, and we will apply Proposition 2.49 to get an analogous result.
Definition 2.51 (Real line G -bundle).
(1) By a Real line G -bundle we mean a Real G -space (L , ν), and a continuous surjective Real map π : (L , ν) −→ (X , ρ) such that π : L −→ X is a complex vector bundle of rank 1, and such that for every x ∈ X , the induced isomorphism 
Example 2.52. The trivial action G on X ×C (i.e. g ·(s(g ), z) := (r (g ), z)) is Real; moreover, the canonical projection X × C −→ X defines a Real line G -bundle that we call trivial.
Definition 2.53 (Real hermitian
If such h exists, (L , ν, h) is called a hermitian Real line G -bundle (we will often omit the metric).
Definition 2.54 (The Real Picard group). The Real Picard group of (G , ρ) is defined as the set of isomorphism classes of locally trivial hermitian Real line G -bundles. This "group" is denoted by PicR(G ). 
Proof. Associated to any hermitian Real line
) obtained by setting 
which is clearly an isomorphism of Abelian groups. Now, applying Proposition 2.49, we get the desired result. 
2.10.Ȟ R
, we have that
thus, there exists a unique element ω ( j 0 , j 1 , j 2 ) (g 1 , g 2 ) ∈ S such that
This provides a family of continuous functions
−→ S determined by (68) and that verifies clearly ω (j 0 ,j 1 ,j 2 ) (ρ(g 1 
⊂ G 2 . It is straightforward that the family (ω ( j 0 , j 1 , j 2 ) ) verifies the cocycle condition; hence we obtain a RealČech 2-cocycle 
is a group isomorphism.
Proof. First of all, we shall prove that extR
be representatives in extR 
commute. Thus, given a Real family s λ : {λ 0 } ×U Suppose we are given a representative
, and for any λ = (λ 0 , λ 1 , λ 2 λ 01 , λ 02 , λ 12 , λ 012 ) ∈ Λ 2 , we have from (59) that
, one has
; and hence
Then as in the discussion before the lemma (cf. (69)), there exists a Real family of functions ω λ :
and We want now to check that the map (70) is well defined. To do so, suppose that T and T 0) ), we define the tensor product r * L ⊗ s * L ′ −→ G , and and using the same reasoning as in Example 1.45, we see that this is clearly a Real Z 2 -principal bundle; thus we have an ungraded Real Z 2 -central extension
Therefore, we get an ungraded Real
together with the evident Real structure and Real S 1 -action.
Definition 2.58. We define the cup product
where L ⌣ L ′ is determined by equation (77).
Lemma 2.59. The cup product ⌣ defined above is a well defined bilinear map; i.e. ∈ U 1 by δ j 0 j 1 (g ) := δ( j 0 , g , j 1 ). Then, over all U 2 ( j 0 , j 1 , j 2 ) , we have that δ j 0 j 2 (g 1 g 2 ) = δ(( j 0 , g 1 , j 1 ) · ( j 1 , g 2 , j 2 )) = δ j 0 j 1 (g 1 ) · δ j 1 j 2 (g 2 ). Moreover, since δ is a Real morphism, we have that δj 0j1 (ρ(g )) = δ j 0 j 1 (g ); hence T determines a RealČech 1-cocycle δ(T ) := (δ j 0 j 1 ) ( j 0 , j 1 )∈J 1 Proof. Assume {µ x } is a Haar system for G . For every x ∈ X , we set
It is clear that {μ Remark 2.63. From the lemma above, we will always assume Haar systems for G to be Real.
In what follows, the Real group K is either the additive group R equipped with the Real structure t −→t := −t , or the additive group C equipped with the complex conjugation z −→z as Real structure.
Definition 2.64. Let (G , ρ) be a locally compact Real groupoid. A Real representation of (G , ρ) is a locally trivial Real K-vector bundle π : (E , ν) −→ (X , ρ) endowed with a (left) continuous Real Gaction; that is a Real open cover (U j ) of (X , ρ) and isomorphisms φ j : U j × K r −→ E |U j such that ν(φ j (x, (a 1 , . . . , a r ))) = φj (ρ(x), (ā 1 , . . . ,ā r )), ∀x ∈ U j , (a 1 , ..., a r ) ∈ K r , and
• ∀x ∈ X , the induced isomorphism ν x : E x −→ E ρ(x) is K-antilinear: ν x (ξ · a) = ν x (ξ) ·ā, ∀ξ ∈ E x , a ∈ K;
• ∀g ∈ G , the isomorphism E s(g ) −→ E r (g ) , induced by the G -action, is linear.
Note that such a Real representation (E , ν) can be viewed as a Real G -module in the following way:
E is the groupoid E / / / / X with r E (ξ) = s E (ξ) := π(ξ) for every ξ ∈ E , for any x ∈ X , E x = E x = E x x is isomorphic to the group K, then the product in E is defined by the sum on the fibres. The Real sheaf on (G • , ρ • ) associated to the Real G -module (E , ν) will be denoted (E To prove this result, we shall recall fundamentals of vector-valued integration exposed, for instance, in [26, Appendix B.1], and then adapt them to the case when we deal with Real structures. Let X be a locally compact Hausdorff space, and let B be a separable Banach space. Let µ be a Radon measure on X . Then measurable functions f : X −→ B are defined as usual, and such function is integrable if
The collection of all B -valued integrable functions on X is denoted by L
